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Abstract. Let 5 be a symbol algebra. The trace form of S is computed and it is 
shown how this form can be used to determine whether 5 is a division algebra or not. 
In addition, the exterior powers of the trace form of S are computed. 

1. Introduction 

Let n be an arbitrary positive integer and let ^ be a field containing a primitive n-th 
root of unity to. Unless stated otherwise, we assume throughout this paper that char(^) 
is different from 2 and does not divide n. Let = ^\{0}. Let a,b e and let S be 
the algebra over K generated by elements x and y where 

xf" = a, y" = b and yx = coxy. 

We call this algebra a symbol algebra (see [4* Chapter 1, §2]). Note that in ^ §11], 
Draxl calls such an algebra a power norm residue algebra, denoting it as (a, b; n, K, to) 
and shows it to be a central simple algebra over K of degree n. Quaternion algebras 
are the symbol algebras of degree 2. 

Let A be a central simple algebra of degree n over a field K of characteristic different 
from 2. We write Ta'. A ^ K for the quadratic trace form 

r^(z) = Wz^) for z 6 A, 

where Trd^ is the reduced trace of A. The main purpose of this paper is to compute the 
trace form of a symbol algebra S and to show how the form determines if the algebra 
is division. 

Notation and terminology is borrowed from Lam's book |I3 and Scharlau's book 
IfTTI . A diagonalised quadratic form over K with coefficients fill , ... , a^ 6 is de- 
noted by {a\, . . . ,a,n). The hyperbolic plane (1,-1) is denoted by H. If (p and are 
forms over K then ip ^ if/ means that these forms are isometric. The Witt index of ip is 
denoted by iV(¥') ^^d the anisotropic part of ^ by (fan, so that we have tp ^ J. {i x H) 
where / = iwi'f)- The tensor product of the 1 -dimensional form {n) with cp is denoted 
{n)(p to be distinguished from n copies of ip which is written as n x ^. 
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2. Symbol algebras and their trace forms 
Let S be the symbol algebra (a, b; K, n, a>) with basis {x'y^, < i, j < n - I. 
Proposition 2.1. We have 

(i) Ts ^ (n) ± X H forn odd. 

- A 

(ii) Ts - {n){ l,a,b, (-l)"'^ab} ± x H forn even. 

Proof. Let (pTg be the synmietric bilinear form associated with Ts . Consider {x'yj}, 
< i, j < n - I, the set of rP' basis elements of S . Consider the left regular matrix 
representation of each such element under the isomorphism used in the definition of 
the trace map. Easy, but tedious arguments, and switching from the trace to the reduced 
trace show that 

<PTs(xV,x'y') = Trds((xW) = 
unless we have of the following cases: 

/ = 7 = 0, in which case the reduced trace is n; 

n 

i = and / = -, in which case the reduced trace is nb; 

n 

i = - and j = 0, in which case the reduced trace is na; 

i = - and 7 =2' which case the reduced trace is (-l)^nab. 

Clearly, the latter three cases only arise for n even. 

(i) Le / = 7 = 0. Then 07-^(1, 1) = n, as mentioned above. Now let 1 < i,j < n - I. 
There are pairs (x'y\ xf^~'y'^~j) and we have 

(f>Ts(x'y\x"-'y"-') = Trdsix'yjx"-'y"-j) = Trds (a>^'^"-'V/) = noj-''ab. 
Each pair contributes a 2 x 2 block in the Gram matrix of (pr^ , as follows: 





x^yj x"-Y-j 


x'y^ 


noj^'^ab 




na)~'^ab 



Each such block corresponds to a 2-dimensional hyperbolic plane which is a direct 
summand of Ts . The Gram matrix will have exactly one non-zero entry in each row. 
Hence Ts ^ (n) ± ^ x H. 

(ii) The subset {l,x"^^, y"^^, xf^^^y"^^} of basis elements of S gives rise to the quadratic 
form {n){l,a,b,(-iy^^ab). By placing the other - 4 basis elements into ordered 
pairs of the form (jc'i/^, jc"~'i/"~^), we get that (pTs maps each pair to na>~^^ab as seen 
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in the proof of (i). So we get '-^^ hyperbolic planes as direct summands. Hence 
Ts =^ {n){l,a,b,(-'i-)"'^ab) ± ^xU. u 

By way of example, the matrix of when n = 3 is as follows: 

■ 3 



3a 
3a 



3b 
3b 



3aj^ab 
3w^ab 



3ci>ah 
3ciiab 



The matrix is computed for the basis elements [l, x, ,y,ip' , xy, x^y^ , x^y, xy^} and 
each blank entry in the matrix is zero. 



3. Further results when deg^5 is odd 

We now return to the case when n is odd and show that we can improve upon the 
formula deduced for Ts ■ We require the following two propositions. 

Proposition 3.1. Let n be odd. Then (n) ^ ((-1)^). 

Proof. We recall the following definitions from classical number theory: for p an odd 
prime 



where (^jj is the Legendre symbol and 



P ■= 



We have the theorems (see [|8l|, for example) 



•1 



/=T^,and| — 1 = (-1)- 



and the facts 

Pi = I (mod A) ^ pI = pi and P2 = ^ (mod 4) ^ p^ = -p2. 

Suppose n is prime. Then = n* = (-7)^ = (-1)^«- On the other hand suppose n 
is compound. Write n = Y\'j=i Pj where the pj are primes, not all necessarily different 
and ? > 1 . If n = 1 (mod 4) then 

„=np;.=(-i)¥p|,.=(_i)¥[[^,; 
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Otherwise, if n = 3 (mod 4) then 



„=-np;=(-i)-n'';=(-i)'^ 



7=1 7=1 V7=l / 

Hence <n) ^ ((-1)^^). 

Proposition 3.2. Letn be odd. Then nx{l) ^ <(-l)^) -L ^ x 



Proof. Recall that the level of a field F, denoted 5(F), is the least number of squares 
required to sum to -1 in F or oo if no such number exists. Since K contains a primitive 
n-th root of unity, s{K) e {1, 2, 4}. If n = 3 or 5 (mod 8), then n has a prime divisor p 
such that p = 3 or 5 (mod 8). In this case we have s{K) = 2 by [|3l. Thus, 2 x (1) ^ 
2 X (-1) which implies 

« X <1) ^ 3 X<1) ± ^^yi xH ifn = 3 (mod 8) 

^ (-1) ± ^^xH 
^ ^ 2 

n-1 

nx<l)^5x<l)± xH ifn = 5 (mod 8) 

n- 1 

^ <1) ± xH. 

2 

In the remaining cases of interest we have s(K) < 4, i.e. 4x(l)^4x (-1). Therefore, 

nx<l) ^ (1) ± ^^^xH ifn=l (mod 8) 

n-1 

nx<l) ^7x<l) ± xH ifn = 7 (mod 8) 

^ (-1) ± — — xH. 



Corollary 3.3. Forn odd, Ts ^ x <(-l) ^ ). 
Proof. Propositions 12. ir /) and l3.1l show that for n odd, 

- 1 

Ts - (n) ± X H 

-((-i)-)±^xe. 

Then by Proposition 13. 21 and the fact that 

r?x{{-\)"^) = nx{{-l)"^)®nx{\), 
wegetTs ^n2x<(-l)¥). 
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Remark 3.4. For n odd, we could also write Ts - n x (l) ± x H which can 
be deduced from the calculation in the split case, see |l6l, together with Springer's 
Theorem on odd degree extensions (see ^ p. 194], for example). 

4. Trace form criteria to determine if a symbol algebra is division 

Proposition 4.1. Ifn = 2 (mod 4) then the quaternion algebra {a, b)K is contained in 
S. 

Proof. Consider the elements x"^^, z/"^^ 6 5. Then [x'^l^^ = a, [y"^^^ = b and 

Proposition 4.2. Ifn = 2 (mod 4) and Ts is hyperbolic then -1 is a square in K and 
S is not a division algebra. 

Proof. Suppose Ts is hyperbolic. By Proposition 14.11 Q := {a,b)K c S . Since n is 
even we have from Proposition \l.l\ (ii) that 

Ts ^ {n){l,a,b,{-iyl^ab) ± ^^-^ ^ {n){\,a,b,-ab) ± ^^-^ x H. 

Thus, by our assumption, {l,a,b, -ab) ^ 2 x H and by evaluating determinants we 
get (-1) - (1). Thus, the norm form of Q, Nq := (1, -a, -b,ab) is hyperbolic. This 
implies that Q, and thus S , contains zero divisors. Therefore, S is not division. ■ 

Proposition 4.3. Let K be afield such that -1 6 K^'^. Let A be any central simple 
algebra over K. Let n := deg^A be a power of 2. IfTA is not hyperbolic, then A is a 
division algebra. 

Proof. Suppose A is not a division algebra. Then A = Mr{D) for some integer r > 1 
and some division algebra D over K. Now Ta - Tmad) - Tm,{K)<»kD - Tmak) ®Td - 
r X (1) (8) T/) by [[61 Lemma 1.2]. Since n is a 2-power, r must be even and since 
-1 6 we have that T^ is hyperbolic. ■ 

5. Exterior powers of the trace form of a symbol algebra 

Bourbaki defined the concept of exterior power of a symmetric bilinear form in 
[[T], IX, §1, (37)]. McGarraghy derived basic properties of such forms in the Witt- 
Grothendieck ring of a field in |I71. We present some key definitions and results for 
exterior powers from McGarraghy 's paper as well as some new results. In all cases, K 
denotes a field of characteristic different from 2. 

Definition 5.1. Let (p : Vxy^^bea bilinear form and let ^ be a positive integer 
not greater than m. We define the k-fold exterior power of (p, 

aV : aVx A*^y ^ K 

by 

aV(^i a • • • a .^i, i/i a • • • a i/i) = det {p{xi, yj))i<ij<f 
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We define A^cp := (1), the identity form of dimension 1. For k > m,we define A''(p to 
be the zero form, since A'^V = for all k > m. 

Let y be a vector space of dimension m over K. If is a non-negative integer then 
the k-fo\d exterior power of V, A'^V, has dimension ('^'j, where we take (™) to be for 
all k > m. In particular, if {fi, . . . , v,„} is a basis for V, then a basis for A'^V is given by 
the set of ^-fold wedge products {i;,, A • ■ • A : 1 < ii < ■ ■ ■ < ik < m) and there are 
such expressions. 

Remark 5.2. We have AV - V- It is easily seen that A*"^ is a bilinear form and is 
symmetric if ip is symmetric. Also, if q is the quadratic form associated to i^, we write 
A''^ for the quadratic form associated to A^ip. 

Proposition 5.3. fTl Proposition 4. 1] Let V be a vector space over K with dim^fV = m. 
Let (fi be a symmetric bilinear form over K with tp ^ {a\,... ,am). Then A^ip is a 
symmetric bilinear form of dimension and 

aV- -L <a;i ...a,-,). 

l<!l <---<iii<m 

In particular, A^{m x (1)) ^ X (1). 

Remark 5.4. We also have that A\m x (-1)) = (7) x ((-1)'^). 

Proposition 5.5. [|7l Proposition 7.3] Let and if/ be symmetric bilinear forms over K 
and let 6 N. Then 

A'ip ® AV 

5.1. Exterior powers of hyperbolic forms. We now compute exterior powers of a 
hyperbolic form ^ ^ /z x IH where /? 6 N. 

Proposition 5.6. Let (p ^ hxM. where h eN and k odd with I < k <2h - I. Then 



Proof. 



aV^ A*^(/2X<1) ±/zx<-l)) 

^ J_ A'(h X {\))®A^(h X <-l>) 

^E(X-.■)->^5(X-.) 



x(-l). 
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Since 

I odd \ ' \ ' ; even \ ' \ ' 

for k odd and since A^(p has dimension (^^^, the result follows. ■ 
Proposition 5.7. Let <p - hxM where heN,k = 2£ and < € < h. Then 

AV = A^V.(J)x«-,/>xi(Q-(*))xH. 

Proof. We use induction on h and £. Let P(h, €) be the statement in the proposition. 
P(h, 1) is true for all h since 

aV - 2(^j X <1) ± 1^)' X (-1) 

^(t)-'>4(f.1-(J))-- 

Consider P(l, 0- Here ^ H and ^ G {0, 1}. Now 

A»H:=a> = Qx<(-l)»>xi((^)-Q)xH 

and 

A^H=<-i>=(;)x<-i>xi(Q-(;))xH. 

So P(l,^)istrue. 

Inductive step: Let m,n be integers, < m < h. Assume P(m,n - 1) is true for 
< n - 1 < m or, equivalently, I < n < m + 1. The case n = m+l gives A^^™"^^^ := (0). 
Also, assume that P(m - l,n) is true for < n < m - 1. We prove P{m,n) to be true 
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for < n < m: 



A2"0 = A^"(m X h) 

= A2"((m- 1)xH±h) 
^ J_ A'((m- l)xH)oA-'I 



1+ j=2n 



^ A^"[(m - 1) X h) ± A^"'^((m - 1) x h) ® H ± A^"-2((m - 1) x h) 

m-l\ l//2(m-l)\ (m-\\\ /2(m-l)\ 

'x<(-ir)±- \ ' - xe± : / X] 



n/ 2\\ 2n I \ n I) \ 2n - \ 

,(»->L((-,r>4fPi"'-,'V('"-.'l)x 



n- 1/ " 2 \\2(n- 1)/ \n - 1 



x<(-inxi(Pi-hlx 



m 

n/ ' ' 2\\2nl \n 



by P(m - l,n), P(m, n - I) and Proposition 15 .61 



Remark 5.8. The above proposition has been proved for ordered fields in [|7l Proposi- 
tion 1 1.8]. The proof uses the signature of (p with respect to an ordering. 



Remark 5.9. In [|71 it was shown that when K is an ordered field and a hyperbolic 
form then A''(p is hyperbolic if and only if k is odd. Proposition 15 .71 shows that this is 
not true for fields in general. For example, for a field K containing V-T and ^ 4 x H, 
we have A^ = {^fj x (-1) ± i (g) - (j)) x H = 14 x H. 



5.2. Some properties of binomial coefficients. We use some properties of binomial 
coefficients in the subsequent section. Some of them are well-known, others not. All 
of them can be derived from first principles or by using identities to be found in |[9l 
Chapter 1], for example. We list the properties here: 
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5)^(5-1 



r+ 1 

s 



r 

s-l 



r+\-2slr+\ 
r + 1 1 



SI \s -21 r + 2 



r + 2-2s(r + 2 

s 



r\ rlr - \ 
sj s\s - I 



5.3. Computation of exterior powers of the trace form of a symbol algebra. Let 

K and S be as in Section 1. From Propositions 12. 1 [ |37T] and [3!2l we have that the trace 
form of S is 



\nx{\) ± '-^xU^ (i-l)"—) ± 2^xH, if n is odd; 

2 



S I n 2 

' {n){l,a,b,(-l)iab) ± ^ x H, if n is even. 



For the remainder of this section, we shall use "Hyp" to denote an unspecified number 
of hyperbolic planes. Thus we may restate the computed trace form of S as 



T 



s 



fn X <1> J. Hyp =^ <(-l)¥) J. Hyp, if n is odd; 



{n){\,a, b, (-\)2ab) ± Hyp, if n is even. 

Proposition 5.10. Let n be odd and k an integer such that < k < n^. Then 



A'Ts 



^Hyp, if k is odd; 
I(T)x<(-1)^) ^Hyp, if k is even. 
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Proof. Let k be odd. Then 



^^XH±<(-1)^) 



._La' 

i+i=k 



— \ \ ■ n-l 

— — XH (8)A^<(-1)— ) 



- A^ 



xH ± A'^ 



1 - 1 



xH 



2 



^ x<(-l)-)±Hyp. 



A similar computation for even k yields the result. ■ 

Proposition 5.11. Letnbe even. WewriteTs - qs -L mxHwhere qs - {n){l,a,b,(-l) 
and m = Then, for < k < n^, 

'itl) X {(-iy^)qs -L Hyp, ifk is odd; 

J: 

\\ \ X (1) ± Hyp, ifk is even and n = (mod 4); 

si 

(l - ^) (l) X <(-l)5) ± Hyp, ifk is even, k<^andn = l (mod 4); 
(i ~ ( I ) ^ <(-l)^> -L Hyp, i« even, k>^andn = l (mod 4). 
Proo/ Case (i). Let be odd. Then 

A^r^ = aVxh ± ^5) 



A^r.c - 



^ A^~Hm xE.)®qs ± A^-'im X H) ® A-'^s ± Hyp 



k-3. 



m 



m 



- U-i h <(-!)") ?5 i L-3 X <(-l)~) <(-l)^)?5 -L Hyp. 



When n = (mod 4) we have -1 € K^^ and so 



m 

k-l 
2 



+ 



m 

2 



xqs ± Hyp = 



m + 1 

k-i 
2 



xqs ± Hyp. 



On the other hand, when n = 2 (mod 4), 



m + 1 

k-l 

2 

Hence, for n even and k odd, we have 



x((-l)-)^5 ±Hyp. 



n--2 
2 



n(t-l). 



" Uii r <(-i)~>^5 -L Hyp. 
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Case (ii). Let k be even. Then 
A'^Ts = A'^imxM ± qs) 



A\m X H) ± A*^-2(m X H) O A^qs ± A^-\m x H) ® A^qs ± Hyp 
J X <(-l)5) ± 1^1 X <(-l)2)<(-i)2) ^ Hyp. 

•x2 



When n = (mod 4) we have -1 e and so 



m + 2 



k 

2 

,2, 



x<l)±Hyp 



x<l)±Hyp. 



On the other hand, when n = 2 (mod 4) we have that ((-l)^ ) - (-1) and so 

[((T) - (A)) X <(-!)§) ± Hyp, iffc<4; 
[((A)-(|))x<(-l)^)±Hyp, iffc>f 

[(l-S(l)x<(-l)^)^Hyp, iffc<^; 
[(2|-l)(|)x <(-!)¥) i Hyp, iffc>f 

■ 

Example 5.12. By Proposition lS.l ll with n = 4 and k odd, we get A^r^ ^ ( Ji) x ± 

Hyp. Since (^) is odd for < / < 7, it follows that Isl^T^ ^ qs ± Hyp for k odd, 

1 < ^ < 15. For n = 4 and k even we get A'^Ts - (*) x (1) ± Hyp. Since is 

even for 1 < Z < 7 it follows that A^Tj is hyperbolic. These conclusions confirm iTTOl 
CoroUaire 2] . 

Remark 5.13. In general, for n = (mod 4) and k even, it is not true that A'^Ts is 
hyperbolic. For example, with n = 12, A^^Ts - (1) -L Hyp. 

Remark 5.14. From Proposition lS.l H it follows that A^r^ is hyperbolic for n even and 

9 

k 6 {n, y}. For, when n = (mod 4) we have 



l-\ 

A^r^ -(yx<l)±Hyp 

2| „/^Jx<l)±Hyp 
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and when n = 2 (mod 4) the result follows directly from the formula for A'^Tg . 

Remark 5.15. It follows from Proposition 15.111 that A"^Ts is anisotropic when n is 
even. 

Remark 5.16. As a consequence of Proposition [5]TT1 A'^Ts is hyperbolic when n = 
(mod 4), p is an odd prime divisor of n and k e {2, 4, 8, 2p, 4p, Sp}. 
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